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The strong connection between correlations and quantum thermodynamics raises a natural question
about the preparation of correlated quantum states from two copies of a thermal qubit. In this work
we study the specific forms of allowed and forbidden bipartite correlations. As a consequence, we
extend the result to Separable (SEP) but not Absolutely Separable (AbSEP) class of product states.
Preparation of a general form of entanglement from arbitrary thermal qubits is studied and as an
application we propose a strategy to establish sustained entanglement between two distant parties.
The threshold temperature to produce entanglement from two copies of a thermal qubit has also been
discussed from the resource theoretic perspective, which ensures that the bound on the temperature
can be superseded with the help of a resource state. A dimension dependent upper-bound on the
temperature is derived, below which two copies of any d−dimensional thermal state can be entangled
in 2× d dimension.
PACS numbers: 05.70.-a, 03.67.Bg, 03.67.-a
I. INTRODUCTION
Thermodynamics is one of the most well-understood
and widely applicable traditional physics to analyze the
macroscopic characteristics of several physical systems,
viz., from the hydrostatic system to magnetizing mater-
ial . Study of thermodynamics in the quantum regime
has attracted attention to answer the validity of several
thermodynamics laws and their features even in finite
particle scenario. As a result, in the recent past, a lot of
ideas regarding its basic foundation [1–3], extraction of
work [4–6], thermal machine [7–10] etc. have enriched the
subject in their own way.
Correlations among the constituents of a joint quantum
system and their implication in information theory is
deeply connected to the thermodynamics in quantum
regime [11, 12]. From the perspective of work extrac-
tion, the correlations present in quantum systems play
an important role. One can significantly enhance the
extraction of work by exploiting these correlations under
the action of a global unitary. Such kind of advantage
is primarily exhibited in [13] for the case of degenerate
Hamiltonian and subsequently studied in [14–16]. Due
to a well-established resource theory for quantum ther-
modynamics [1], it is interesting to quantify the cost of
creating such correlations, given some copies of free states.
The amount of energy required to correlate two or more
thermal states allowing fundamental limitations invoked
by quantum theory have been studied in [17], along with
the quantification of possible correlations given an amount
of energy as resource.
Although there are several fascinating examples where
quantum correlations exhibit advantage over its classical
counterpart viz., teleportation [18], super-dense coding
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[19], quantum key distribution [20], Bayesian games [21],
even over the PR correlation [22], all these tasks intrins-
ically depend on the particular form of correlation shared
between the parties. So, it is of great interest to not
only quantify the amount of correlations, but also specify
the particular forms which can be created among the
quantum systems.
In this article we ask a similar question in the thermo-
dynamic scenario, i.e., to specify the form of correlation
which can be prepared from two thermal qubits kept at
same or different temperatures. However for our ana-
lysis we shall ignore the cost of creating these allowed
correlations. From practical point of view it is conveni-
ent to consider the marginals of the correlated state to
be thermal in nature. This restriction forbids the pre-
paration of a class of correlated states to be prepared
from two copies of thermal qubits, even at different tem-
peratures. It has already been studied in [23, 24] that
quantum entanglement with thermal marginals can not
be sustained for long if they are preserved in different
temperature local baths. Motivated by this practical scen-
ario we have designed a complete protocol to sustain a
shared entanglement between two distant labs of differ-
ent temperatures using a maximally entangled state as
resource under LOCC. It is worth noticing that our result
has a significant implication for product states of qubits.
Although there is a class of separable states which can
be entangled and conversely for every entangled state
there exist several separable states from which it can be
prepared, this both way connection is not true in general
for product states. Here we have characterized several
forms of entanglement which can not be prepared from
two thermal or product qubits. However, for higher di-
mensional systems the inherent structure of quantum
theory restricts us to draw a direct connection between
the impossibility of producing entanglement from thermal
and product states.
Furthermore, Huber et. al. [17] have shown that there
is a temperature bound for qubit states, beyond which
creation of entanglement from two copies of the same
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2state, is impossible. In our work we go beyond this bound
by raising the temperature of one qubit, while lowering
the other. We have also extended this result to prepare a
2× d dimensional entangled state, given two copies of a
thermal qudit. We further cast and interpret our results
for qubit state space in the framework of a resource theory.
In general, a resource theory characterizes the potential
to execute some specified task for any arbitrary state in
comparison to those for which the resource amounts to
zero. In recent past, several resource theories regarding
entanglement [25, 26], coherence [27], thermodynamics [1],
purity [28], quantum channels [29], contextuality [30] etc.,
have been developed. Here we define a set of free states
such that none of their product state can be entangled
under the action of global unitary. In that sense this is the
resource theory for the constituents of separable (SEP)
but not absolutely separable (AbSEP) product qubits.
The article is organized as follows. In Sec. II we discuss
the necessary framework used in this work. In Sec III
we study two different classes of forbidden correlations,
namely classical correlations and entanglement. Sec IV
contains the structure of the allowed entanglement and its
application to prepare a sustained entanglement between
two distant labs. In Sec V, we primarily go beyond
the temperature limit for thermal qubits to make them
entangled and then a general bound is derived for qudit
case below which they can always be entangled and as a
consequence a resource theory on the qubit state space
is formulated depending upon their potential to produce
entanglement. We finally conclude our results in Sec VI
and the detailed calculations are given in the Appendix.
II. FRAMEWORK
A. Thermal State
The state of a d-dimensional quantum system, governed
by the Hamiltonian H =
∑d−1
k=0 k|k〉〈k| is said to be
thermal if and only if it is the state of minimum energy
with constant entropy or, maximum entropy with constant
energy. For any state ρ, the internal energy and entropy
of the system are defined as E(ρ) = Tr(ρH) and S(ρ) =
−Tr(ρ log ρ) respectively. The required thermal state
takes the form [31, 32]
τβ =
e−βH
Tr(e−βH)
, (1)
where β = 1KBT . Such a state at β−inverse temperature
shall henceforth be called as β−thermal.
In this work, we will be mainly dealing with qubits. Our
goal is to establish correlations between these thermal
qubits by applying a global unitary on the joint thermal
state. We consider the thermal states which are kept in
the same as well as different temperature baths. The cost
of forming these correlations is given by
Wcost = Tr(Htotalρ12)− Tr(Htotalτβ1 ⊗ τβ2) (2)
where Htotal = H1⊗ I2 + I1⊗H2 is the total Hamiltonian
and ρ12 is the final correlated state.
B. Classical Correlations
We know that correlations in a bipartite quantum state
can be characterized by Mutual Information (MI) between
two parties defined as
I(A : B) = S(ρA) + S(ρB)− S(ρAB). (3)
Nonzero MI does not imply solely the presence of classical
correlations. Although it quantifies the total correla-
tions, it doesn’t say anything about the nature or form
of these correlations. As an example, the quantum states
1
2 |00〉〈00| + 12 |11〉〈11| and 12 |01〉〈01| + 12 |10〉〈10| possess
completely different form of correlations, though they
have the same amount of MI (=1).
C. Entanglement
To detect the entanglement for 2 × 2 and 2 × 3 di-
mensional systems, partial transpose is a necessary and
sufficient criterion [33]. A given state ρAB will be en-
tangled if and only if (IA ⊗ ΛTB )(ρAB) < 0, where ΛTB
is the action of Transposition map on B. However, for
higher dimensional systems this criterion is only suffi-
cient. For pure bipartite quantum states, von-Neumann
entropy of the reduced marginal is a good measure of
entanglement [34], whereas, for general mixed states con-
currence is a widely used measure [35]. However here we
shall be focusing on the nature and not the amount of
entanglement.
D. Extension to SEP/AbSEP region
A bipartite state ρAB is said to be separable (SEP), if
and only if it can be decomposed as
∑
i piρ
(i)
A ⊗σ(i)B , where
ρ
(i)
A ∈ HA and σ(i)B ∈ HB ,∀i and pi is the corresponding
probability.
A refinement on the set of separable states was introduced
in [36, 37] depending upon their spectrum. A bipartite
separable state ρAB is said to be absolutely separable (Ab-
SEP) if and only if the state remains separable even after
application of all possible global unitary U ∈ L(HA⊗HB).
A significant amount of study has been done to charac-
terize the set AbSEP for 2× d systems [38].
Besides the characterization of these AbSEP states, an-
other interesting question which can be asked is whether
there are some entangled states which can’t be prepared
from the separable but not absolutely separable states?
Although the answer is in general negative, one can modify
the search by considering only product states from this
region. In the present work, we have investigated and
3characterized several classes of forbidden and allowed en-
tangled states from two-qubit product states belonging to
the SEP but not AbSEP region, i.e., SEP/AbSEP region.
E. Limits on thermal states for creating correlation
It is interesting to ask whether any two thermal qubits
can be correlated under the action of global unitary. It is
trivial that the product of two pure states or two max-
imally mixed states are the only forbidden elements to
produce classical correlations. However, the scenario is
not so simple for the question of entanglement produc-
tion. Concurrence [35] is a good measure to detect the
entanglement present in mixed bipartite quantum states,
which is a spectrum-dependent criterion. Now, as the
action of global unitary preserves the spectrum of joint
state, the same expression for concurrence can restrict
the spectrum of initial qubit to be entangled. Incorpor-
ating this fact in [17] a threshold temperature has been
derived, i.e., kBTE < 1.19, beyond which two copies of the
same thermal qubit can not be entangled applying global
unitary.
III. FORBIDDEN CORRELATIONS
Before discussing the forbidden correlations, we will
try to formally classify all kinds of non-trivial [39]
correlations which can be prepared from two thermal
states of same temperature, taking them as free resources.
Theorem 1 : If a two-qubit correlated state ρ
can be prepared from two same temperature thermal
states under the action of global unitary, then ρ must
has a degenrate eigenvalue with degeneracy 2, and the
eigenvalues are in GP.
Proof: Suppose the bipartite correlated state ρ
can be prepared from two copies of a single qubit state
σ. Let the eigenvalues of ρ be λ1 ≥ λ2 ≥ λ3 ≥ λ4 and
those of σ be δ ≥ (1 − δ). Then the eigenvalues for
σ⊗2 would be δ2 ≥ δ(1 − δ) ≥ (1 − δ)2, where δ(1 − δ)
is a degenerate eigenvalue with degeneracy 2. The
unitary action preserves the spectrum of initial state,
and therefore to obtain ρ from σ⊗2, two intermediate
eigenvalues of ρ should be same. Hence, λ2 = λ3.
Comparing the eigenvalues of these states, gives λ1 = δ
2,
λ2 = δ(1 − δ) and λ4 = (1 − δ)2. Therefore, λ1λ4 = λ22,
i.e., λ1, λ2 and λ4 are in Geometric Progression (GP). 
A. Impossibility in classical correlation
We now consider some bipartite quantum states with
local marginals as β−thermal. The preservation of the
spectrum under the action of global unitary forbids a
class of classically correlated states to be prepared from
the two same (or, different) temperature thermal qubits.
Spectrum preservation sufficiently implies that entropy
of the final joint state ρfAB would be equal to that of the
initial product state σiA ⊗ σiB , i.e.,
S(σiA) + S(σ
i
B) = S(ρ
f
AB)
S(σiA) + S(σ
i
B) = S(ρ
f
A) + S(ρ
f
B)− Iρ(A : B)
(4)
In order to obtain a classically correlated final states the
mutual information Iρ(A : B) should be grater than zero,
which implies that S(ρfA) + S(ρ
f
B) > S(σ
i
A) + S(σ
i
B).
We know that entropy is a monotonically increasing
function of temperature for a qubit [12]. Since the
total marginal entropy should increase, it is in no
way possible to reduce the temperature of both the
initial qubits simultaneously. This means that we can
only prepare those states for which the sum of the
final local temperatures is higher than the sum of the
initial local temperatures. Thus some of the classical
correlations are intrinsically forbidden. In the following
we shall consider various classes of classically correlated
states and show their impossibility from same or
different temperature thermal states. We assume that the
final marginals are at the same temperature, i.e., ρfA = ρ
f
B .
Case-1:
Let’s consider the state
ρAB = p
|00〉〈00|+ e−βE |11〉〈11|
Z
+ (1− p)τβ ⊗ τβ (5)
where τβ =
|0〉〈0|+e−βE |1〉〈1|
Z is a β−thermal state with the
partition function Z = 1 + e−βE , and governed by the
local Hamiltonian HA = HB = E|1〉〈1|.
ρAB possesses classical correlations (non-zero mutual in-
formation) for p ∈ (0, 1] and it’s eigenvalues are λ1 =
(p+eβE)eβE
(1+eβE)2
, λ2 = λ3 =
(1−p)eβE
(1+eβE)2
and λ4 =
(1+peβE)
(1+eβE)2
. For
the region p ≤ 1−e−βE2 , they follow the non-increasing
order λ1 ≥ λ2 = λ3 ≥ λ4
Now, Theorem 1 suggests that the state ρAB can be
prepared from two same temperature thermal states if
the eigenvalues are in G.P. i.e., λ1λ4 = λ
2
2. This yields
that cosh(βE) = −1, which is impossible.
For the complimentary region of p and βE, where
λ1 ≥ λ4 ≥ λ2 = λ3, either the state (5) with p = 1 can
be prepared from two different thermal states of temper-
atures 1βE and zero, or from
I
2 and a ln(
1+p
1−p )−thermal
state only for β → 0. The detailed analysis can be found
in the Appendix.
Case-2:
Here we will consider the state
ρAB = pΦ˜ + (1− p)Ψ˜ (6)
where, Φ˜ = |00〉〈00|+e
−βE |11〉〈11|
Z
and Ψ˜ = |01〉〈01|+e
−βE |10〉〈10|
Z .
4The temperature of local marginals for the state (6) will
be same only for p=1. Otherwise both the marginals can
be thermal but with different temperatures for p ≥ 12 .
In this region, eigenvalues corresponding to the joint
state will be λ1 =
peβE
1+eβE
, λ2 =
(1−p)eβE
1+eβE
, λ3 =
p
1+eβE
and λ4 =
(1−p)
1+eβE
, where λ1 and λ4 are maximum and
minimum respectively. But the order between λ2 and λ3
can alternate depending upon p and βE. For p ≤ 1
1+e−βE
the ordering is λ1 ≥ λ2 ≥ λ3 ≥ λ4 while for p ≥ 11+e−βE
it is λ1 ≥ λ3 ≥ λ2 ≥ λ4. For both regions one can have
two different initial thermal states of temperatures β and
ln( p1−p ) to achieve this correlation. It is worth noticing
that to create the correlation (6) in general one should
choose two different initial thermal states. Although the
state has classical correlation for p ∈ [0, 1], it is possible
to prepare the state from two same initial thermal states
for p = 1
1+e−βE only.
CASE-3:
Here, we consider another forbidden classically correlated
state of the form
ρAB = pΦ˜ + qτβ ⊗ τβ + (1− p− q)|φ˜+〉〈φ˜+| (7)
where |φ˜+〉 = |00〉+e
−βE
2 |11〉√
Z
, with other terms as defined
earlier. Due to the presence of a non-maximally pure
entangled component, the NPT criterion [33] reveals
that the state will be separable with non-zero MI for
cosh(βE2 ) ≤ q2(1−p−q) .
In this region the eigenvalues corresponding to the state
(7) can be ordered as λ1 = λ+ ≥ λ2 = λ3 ≥ λ4 = λ−
for one part and λ1 = λ+ ≥ λ4 = λ− ≥ λ2 = λ3 for
the other part where, λ2 = λ3 =
qe−βE
(1+e−βE)2 and λ± =
1+2e−βE(1−q)+e−2βE±(1+e−βE)
√
1+(4(1−p−q)2−2)e−βE+e−2βE
2(1+e−βE)2 .
For the first region the equality of λ2 and λ3 depicts that
the initial product states should be of same temperature
to produce this correlation. As a result, λ2 should be the
geometric mean of λ1 and λ4, which is only possible for
β →∞, which is the trivial solution, with no correlation
in the final state. For the second region where the
lowest two eigenvalues are degenerate, we have to choose
product of two different temperature thermal states, to
make them correlated. In this case one of the two initial
product states will be trivial.
B. Impossibility in Entanglement
In this section we will focus on the forbidden as
well as allowed entangled states prepared from two
product thermal states. Before describing the several
classes of entangled states which are forbidden from
two identical (or different) temperature thermal qubits,
we shall introduce a mathematical result relating this
impossibility to the class of SEP but not AbSEP product
states.
Theorem 2 : Any two-qubit 2× 2 entangled state ρ can
be prepared from a SEP but not AbSEP product state,
under the action of global unitary, iff ρ can be prepared
from the product of two thermal qubits.
Proof: The if part is trivial. We will consider the only
if part here. Suppose there is a bipartite state ρ which
can’t be prepared from the product of any two thermal
states, but can be prepared from the product state σ ⊗ ξ
under the action of global unitary V. However in the
case of qubits trivial constraints on probability demands
that it is always possible to find two thermal states τβ1
and τβ2 having same spectrum as σ and ξ respectively.
Therefore there exists some local unitary U1 ⊗ U2, such
that U1(τβ1)→ σ and U2(τβ2)→ ξ.
Thus the global action of V ◦ (U1 ⊗ U2) on τβ1 ⊗ τβ2 will
produce the desired state ρ, which is a contradiction to
the above assumption. 
Below we will characterize several classes of en-
tangled states which are forbidden from two same
(or different) temperature thermal qubits and try to
construct a general kind of allowed entangled state.
CASE-4: First we consider a general kind of Werner
state with β−thermal marginal, such that for β → 0 the
state becomes a variant of the well known Werner state
given by
ρAB = p|φ˜+〉〈φ˜+|+ (1− p)τβ ⊗ τβ (8)
where |φ˜+〉 is defined earlier. Taking the partial transpose
with respect to B for (8) it can be shown that the state
will be entangled for p ≥ 1
1+2 cosh( βE2 )
.
Eigenvalues corresponding to the state (8) are given
by, λ+ ≥ λ2 = λ3 ≥ λ−, where λ± =
1+2peβE+e2βE±(1+eβE)
√
(1−eβE)2+4p2eβE
2(1+eβE)2
and λ2 = λ3 =
eβE(1−p)
(1+eβE)2
.
The degeneracy in eigenvalues demands that this correla-
tion can only be prepared (if possible) from two copies of
same thermal states as a consequence of Theorem 1. The
GP condition on the eigenvalues yields
1
16
(1− p)(1 + p+ 2pC(βE))S4(βE
2
)
=
1
16
(1− p)2S4(βE
2
) (9)
where, S ≡ sech, and C ≡ cosh.
Eq.(9) demands either p=1, which is a trivial condition,
or sech4(βE4 ) = 0 =⇒ βE →∞ which is again a trivial
solution, or cosh(βE) = −1, which is impossible.
CASE-5: Here we consider the state,
ρAB = p|φ˜+〉〈φ˜+|+ q|φ˜−〉〈φ˜−|+ (1− p− q)τβ ⊗ τβ (10)
Taking the partial transpose of (10) with respect to B,
it can be shown that the state will be entangled for
5(1 + p+ q)e
βE
2 ∓ p(1± e βE2 )2 ± q(1∓ e βE2 )2 ≤ 0.
The eigenvalues of state (10) are
λ± = 12 −
2(1−p−q)eβE±(1+eβE)
√
(eβE−1)2+4eβE(p−q)2
2(1+eβE)2
, and
λ2 = λ3 = (1−p−r)e
βE
(1+eβE)2
, with λ+ ≥ λ2 = λ3 ≥ λ−. The-
orem 1 demands that these states can only be prepared
from two copies of same thermal state, if possible. For
the existence of such a state, λ2 should be the geometric
mean of λ±, which yields the condition
1
4 [(p+q)−(p−q)2]sech2(βE2 ) = 0 =⇒ either, βE → ±∞
(trivial solution), or, (p+q) = (p−q)2, which is impossible.
IV. ALLOWED ENTANGLEMENT
A. Entangled State with Thermal Marginal
In the above, we have discussed several forms of forbid-
den correlations from two thermal states. Now we will
focus on the general form of the allowed entanglement
which can be created from two copies of a β−thermal
state. The final marginal thermal states are at a higher
temperature than the initial ones, which follows from the
second law of thermodynamics [2, 11].
Let us consider the β−thermal state τβ = p|0〉〈0|+(1−
p)|1〉〈1|, where p = 1
1+e−βE ≥ 12 . The spectrum of τ⊗2β is
{p2, p(1− p), p(1− p), (1− p)2}. An appropriate unitary
can be chosen depending upon the single parameter θ,
such that τ⊗2β
Uθ−→ ρAB. The explicit action of U on the
energy eigen-basis of τ⊗2β is Uθ|k〉 → |φk〉, k ∈ {0, 1}2,
where |φ00〉 = a|00〉+b|11〉, |φ11〉 = b|00〉−a|11〉, |φ01〉 =
a|01〉+ b|10〉 and |φ10〉 = b|01〉 − a|10〉, with a = 1√
1+e−θ
and b = e
−θ
2√
1+e−θ
.
A simple calculation shows that the marginal temper-
ature corresponding to the final entangled state can be
characterized as β
′
E = ln[ (1−p)
2e−θ+p
p2e−θ+(1−p) ].
Although, there are 24 possible permutations of the
unitary, only 6 of them, which take |00〉 → |φ00〉,
will create correlations such that the marginals are
thermal. Among these 6, only 2 permutations with
the action |11〉 → |φ11〉, will produce entangled states
with same local temperature (quantified by β
′
E). For
the other 4 permutations, the marginals would be char-
acterized by different temperatures β
′
E and β
′′
E =
ln[ (1−p)
2+p2+2p(1−p)e−θ
[p2+(1−p)2]e−θ+2p(1−p) ].
B. Sustained Entanglement
In this section we will focus on the practical scenario
for quantum communication schemes. Quantum Teleport-
ation [18] is one of the most fundamental information
theoretic tasks between two distant parties which is per-
mitted by the statespace structure of quantum mechanics
Figure 1. Meshed region indicates that ∀p ∈ [ 1
2
, 1] and ∀θ ≥ 0
we have β
′
E ≥ β′′E. However the final correlated state will
only be entangled for the solid filled region.
itself. Let us consider that two distant parties, Alice and
Bob, share a maximally entangled state |ψ−〉. They can
teleport a quantum state using this correlation locally
along with 2-cbits. But to preserve the correlations in
|ψ−〉, the marginals are required to be kept in contact
with infinite temperature thermal baths. However, from
practical point of view, it is impossible to achieve this
temperature. So instead, let the local baths be kept at
inverse temperatures β1 and β2. Now by the following
protocol, Alice and Bob can prepare a non-maximally
entangled state and use it in future communication tasks,
whose local marginals are saturated with their correspond-
ing local bath, on the expense of the shared maximally
entangled state.
Step 1: Alice takes two β1-thermal qubit from her bath
and cools them down to the states of inverse temperature
β
′
.
Thermodynamic cost corresponding to this stimulated
cooling will be same as the change in free energy F [τ⊗2
β′
]−
F [τ⊗2β1 ] [40].
Step 2: Alice will apply a proper unitary U(θ) as de-
scribed in the last section, to obtain an entangled state
with β1−thermal and β2−thermal local marginals. The
thermodynamic cost in this case can similarly be char-
acterized as, E[τβ1 ⊗ τβ2 ] − E[τ⊗2β′ ]. In this stage, the
operation is executed under unitary evolution on the com-
plete system, which guarantees that the change in free
energy is equivalent to the change in total energy only.
Step 3: Alice will utilize the pre-shared maximally en-
tangled state |ψ−〉 to teleport the β2−thermal particle
to Bob. As a consequence they can finally share a sus-
tainable mixed entangled state between them for future
communication.
Although, the full range of β
′
and θ are allowed to make
the transformation, difference between the local temper-
6Figure 2. The difference between β1E and β2E is plotted
against p = 1
1+e−β
′
E
and θ. The surface depicts that there is
an asymptotic upper bound (∼ 0.693) on the difference.
atures is upper bounded by a finite number, explicitly,
(β1 − β2)E ≤ 0.693 (see Fig. 2)
V. TEMPERATURE LIMIT OF CREATING
ENTANGLEMENT
A. The temperature bound
A separable state in C2⊗Cd with eigen spectrum {λ1 ≥
λ2 ≥ ... ≥ λ2d} will remain separable under the action of
all possible global unitaries, if and only if [38]
λ1 ≤ λ2d−1 + 2
√
λ2d−2λ2d. (11)
Now, let’s consider two copies of a given thermal state
τβ =
1
1+e−βE |0〉〈0| + e
−βE
1+e−βE |1〉〈1|. In order to create
entanglement, the eigenvalues of τ⊗2β will give a bound on
βE, so that Eq.(11) can be violated. In [17] the authors
have shown that, for βE ≤ 0.84, i.e., KBTmaxE ≥ 1.19, no
entanglement can be created from τ⊗2β .
Here, we will show that it is possible to go beyond the
temperature bound T > Tmax by taking another state
with T
′
< Tmax. We consider two different thermal states
τβ = p|0〉〈0|+(1−p)|1〉〈1| and τβ′ = q|0〉〈0|+(1−q)|1〉〈1|.
If p ≥ q, then the eigenvalues of τβ⊗τβ′ can be written as
pq ≥ p(1− q) ≥ q(1− p) ≥ (1− p)(1− q), which violates
Eq.(11) for q ≥ 2
√
p(1−p)
2p−1+2
√
p(1−p) . This bound on q is
satisfied for only p ≥ 0.698 (since p ≥ q in this case) which
exactly matches with the one obtained in [17] (see Fig. 3).
On the other hand, if p ≤ q, the eigenvalues can be
arranged as, pq ≥ q(1 − p) ≥ p(1 − q) ≥ (1 − p)(1 − q).
In order to violate Eq.(11),
pq > p(1− q) + 2(1− p)
√
q(1− q)
=⇒ (1− 2q)√
q(1− q) ≤
2(1− p)
p
. (12)
This means that for every p ∈ [ 12 , 1], there exists a q,
where 1 ≥ q ≥ p, such that τβ(p)⊗ τβ′ (q) can always be
entangled under the action of global unitary.
Figure 3. (a) Any value of q lying above the curve can be taken along with p to make their product entangled. Similarly, the
dashed straight line denotes q = p. So, there is no q ≤ p for p ≤ 0.698 to make their product entangled. (b) The meshed region
stands for p ≤ q, whereas filled area denotes allowed p values for which their product can be entangled.
Another interesting question is to find the optimal tem-
perature for higher dimensional quantum states, beyond
which it is not possible to create entanglement. Although
it is hard to find such a temperature, we give a dimension-
dependent bound, below which any state would necessarily
be entangled.
7Let us consider a d dimensional thermal state τβ =
e−βH
Tr(e−βH) , with H =
∑d−1
k=0 k|k〉〈k|, where k = kE. One
part of the initial state τ⊗2β ∈ Cd⊗Cd is projected onto the
subspace spanned by {|0〉, |d− 1〉}. Then, τ⊗2β → τβ ⊗ τ
′
β ,
where,
τ
′
β =
1
1+e−(d−1)βE |0〉〈0|+ e
−(d−1)βE
1+e−(d−1)βE |d− 1〉〈d− 1|.
For d ≥ 3 the eigenspectrum corresponding to τβ ⊗ τ ′β
will be, λ1 =
1
ZZ′
≥ ... ≥ λ2d−2 = e−2(d−2)βEZZ′ ≥ λ2d−1 =
e−(2d−3)βE
ZZ′
≥ λ2d = e−2(d−1)βEZZ′ where Z = Tr(e−βH) and
Z
′
= 1 + e−βE .
Now, according to Eq.(11), τβ ⊗ τβ′ can be entangled if
Figure 4. The filled region depicts the allowed values for βE
to create entanglement depending upon the dimension of the
thermal state. It is possible to make the forbidden region for
βE arbitrarily small for asymptotically large d.
and only if
1 ≥ e−(2d−3)βE + 2
√
e−2(d−2)βE × e−2(d−1)βE
=⇒ 1 ≥ 3e−(2d−3)βE
=⇒ βE ≥ ln 3
(2d− 3)
=⇒ T ≤ (2d− 3)E
KB ln 3
The above criterion depicts that asymptotically for very
large values of d, τ⊗2β can be entangled in Cd ⊗ C2 for
arbitrarily small values of βE (see Fig. 4). However, the
optimality of this bound can not be guaranteed.
B. Resource theoretic framework
The above discussions open up the possibilities to form
a resource theory on the temperature of thermal qubits.
The bound introduced in [17] demands that the states
with temperature higher than the critical one can not be
entangled using two copies, under the action of global
unitary. So for the task of creating entanglement from
two copies of thermal states under the action of global
unitary, these states are free to access. More precisely,
the set of free states is F := {τβ ∈ C2|τ⊗2β ∈ AbSEP}.
As a consequence of Theorem 2, the set of free states
can be extended up to the product states connected by
the unitary on these τβ ∈ F . Under all possible global
unitary, Ug(ρ⊗ σ)→ AbSEP,∀ρ, σ ∈ F . We define F¯ as
the set of all resource states having potential to create
entanglement from two copies under unitary operations.
The set F¯ can also be extended to the set of qubits for
which product of any two lies in the SEP/AbSEP region.
F
F¯
I
2
T→∞
|0〉〈0|, T→ 0
|1〉〈1|
Figure 5. (Color on-line) The external sphere denotes the
qubit Bloch sphere and the inscribed blue ball represents the
set F . The annular region captures all the resource states F¯ .
So we can formally define the set of free states as
F := {ρ ∈ C2|(ρ⊗ σ) ∈ AbSEP,∀σ ∈ F}. Geometrically
it means the free states form a sphere of radius ' 0.198
concentric with the Bloch sphere for qubit state space
(see Fig. 5 ). Conversely, the set of resource states is
F¯ := S(C2)/F , where S(C2) is the total qubit state space.
As the action of any Ug on the product of two states in F
can not entangle it, we can characterize any entropy non-
decreasing operation ENDO as a free operation on the
set of free states. Formally ENDO(F) → F . However,
as the action of swap operator on the product of two
free states can not make them entangled, the general
class of free operations is slightly larger than ENDO, i.e.,
ENDO ⊂ Λfree.
Among the set of resource states F¯ , the von-Neumann
entropy can be characterized as a monotonic measure
of the resource, i.e., ξ is more resourceful than η iff
S(ξ) ≤ S(η).
Now Eq. (12) shows that, ∀ρ ∈ F ,∃ ξ ∈ F¯ , such that
ρ ⊗ ξ can be entangled under proper choice of global
unitary.
8VI. CONCLUSION
We have numerically characterized several classes of
classically correlated and entangled bipartite state with
locally thermal marginals, which can not be prepared from
two same or different temperature thermal states under
global unitary operations. Then the natural question
arises as to what kind of correlated states can be prepared
under these conditions. We have derived a criterion on
the spectrum of such correlated states. We have also
shown that any entangled state can be prepared from a
bipartite product state if and only if it can be prepared
from two thermal qubits. In continuation, a parametric
class of entangled states has been proposed, with locally
thermal marginals, which can always be prepared from two
same or different thermal states under unitary evolution.
As an application, it is possible to prepare a sustained
entanglement between two spatially separated labs with
different local temperatures by means of a teleportation
protocol. However it imposes a bound on the difference
between local temperatures. Furthermore, the upper
bound on the temperature of thermal qubits to make
them entangled, as proposed in [17], can be superseded
by using two different thermal states, one at temperature
higher than the bound and the other lower. The set of
states for which the product of any two of them can not
be entangled under global unitary have been classified as
free states, where as the complementary qubit state space
denotes the potential resources. Hence, our result can
also be explained from this resource theoretic perspective,
as given a free state one can always have a resource state
for which the action of the global unitary on their joint
product state can entangle them. More generally, we
have derived a dimension dependent critical temperature
below which two copies of any d−dimensional thermal
state can be entangled in 2 × d−dimension. However,
this bound depends upon the proposed protocol. So
one can investigate further to give an optimal dimension
dependent temperature bound for thermal states to make
them entangled. Our result indicates that the inherent
structure of quantum evolution restricts the creation of
correlations between thermal states, and it is interesting
to establish a connection between these impossibilities to
the generalized laws of quantum thermodynamics.
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VIII. APPENDIX
A. Classical Correlation: CASE I
If λ2 = λ3 ≥ λ4, then,
(1− p)eβE ≥ (1 + peβE) =⇒ eβE − 1 ≥ 2peβE =⇒ p ≤ 1−e−βE2 .
For other condition the degenerate eigenvalue will be the lowest one, hence the correlation can’t be prepared from the
product of two thermal states with same temperature. Then let’s consider two different thermal states (s, 1− s) and
(t, 1− t) with s, t ≥ 12 . We also assume s ≥ t without loss of generality. Preservation of global spectrum under unitary
demands, st ≥ s(1− t) ≥ t(1− s) = (1− t)(1− s), where the last equality gives, either s = 1, or t = 12 .
For s = 1 the degenerate lowest eigenspace will be null, hence, (1− p)eβE = 0 =⇒ p = 1 (as βE → −∞ is impossible).
Under this condition, t1−t =
λ1
λ4
|p=1 = eβE . Hence, the state (4) with p = 1 can be prepared from two different thermal
states of temperature 1βE and zero, under the action of a trivial C-NOT gate by taking them control and target
respectively.
For t = 12 , the first two eigenvalues of the initial product state will be identical, which gives, (p + e
βE)eβE =
(1 + peβE) =⇒ β → 0. Hence it is possible to prepare a particular type of correlated state β = 0. Therefore,
s
1−s =
1+p
1−p , which implies the temperature parameter for the initial states are, βsEs = ln(
1+p
1−p ) and βtEt = 0. As a
result a single parameter (p) correlated state can be prepared by fixing the other (β) as zero, by taking one of the
initial state as I2 , i.e., a trivial one.
B. Classical Correlation: CASE II
The local marginals corresponding to the correlated state (5) can be written as ρA =
1
Z |0〉〈0| + e
−βE
Z |1〉〈1| and
ρB =
p+(1−p)e−βE
Z |0〉〈0|+ (1−p)+pe
−βE
Z |1〉〈1|. Although ρA is thermal for any arbitrary values of the parameters {p, βE},
ρB will be thermal for
p+(1−p)e−βE
Z ≥ (1−p)+pe
−βE
Z
=⇒ either, p ≥ 12 and e−βE ≤ 1, or, p ≤ 12 and e−βE ≥ 1.
So, it is obvious that the marginals can’t be locally thermal if p ≤ 12 .
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Now, for the region p ≥ 12 , if λ3 ≥ λ2 ,then
p ≥ (1− p)eβE
βE ≤ ln( p
1− p )
We choose product of two different thermal states τβs = s|0〉〈0|+(1−s)|1〉〈1| and τβt = t|0〉〈0|+(1− t)|1〉〈1| to prepare
the final correlation in a restricted class. Here, s, t ≥ 12 and without loss of any generality we choose s ≥ t. Equating the
spectrum corresponding to the initial product states with the global one, we obtain, s1−s =
p
1−p =⇒ βsE = ln( p1−p )
and t1−t = e
βE =⇒ βtE = βE.
For the other region, where p ≥ 12 but βE ≥ ln( p1−p ), the eigen values will be ordered as, λ1 ≥ λ2 ≥ λ3 ≥ λ4. Again
the same analysis as above shows, βtE = ln(
p
1−p ) and βsE = βE.
C. Classical Correlation: CASE III
For the first region, where λ+ ≥ λ2 = λ3 ≥ λ−, then the final correlated state can be prepared from two same
temperature thermal states. The additional condition from Theorem 1 demands
λ22 = λ+.λ−
(
qe−βE
(1 + e−βE)2
)2 =
e2βE(4p(1− q) + q(2− q) + 2(q(1− q) + 2p(1− q)− p2)− p2) cosh(βE))
(1 + e−βE)4
eβE(p2 − (2p+ q)(1− q))
(1 + e−βE)2
= 0
p2 = 2p− 2pq + q − q2
(p+ q)2 = (2p+ q)
But p + q ≤ 1, i.e., the last equality is impossible to satisfy except for q = 1, p = 0. As a result the state will be
product in that case.
For the second region, λ+ ≥ λ− ≥ λ2 = λ3. We consider two different thermal states as stated in earlier subsection.
Degeneracy in the lowest eigen values implies,(1− s)t = (1− s)(1− t), as a consequence, either, s = 1, or,t = 12 .
Now, for s = 1, λ2 = λ3 = 0 =⇒ q = 0(e−βE 6= 0). Therefore, in that case, initial two product states can be chosen
as, |0〉 and another thermal state of temperature βsE = ln(λ+λ− ).
Now, for t = 12 , λ+ = λ−, as a result,
1 + 4((1− p− q)2 − 2)e−βE + e−2βE = 0
eβE + e−βE
2
= 2((1− p− q)2 − 2)
The r.h.s of the above equation is negative, whereas the l.h.s is positive which leads to a contradiction.
D. Possibility of Entanglement
The action of unitary maps the probabilities {p2 ≥ p(1 − p) = p(1 − p) ≥ (1 − p)2} to the entangled basis given
by,{|φ00〉, |φ01〉, |φ10〉, |φ11〉}, as mentioned earlier, where the coefficients of these states will follow a2 ≥ b2. Now, we
will derive two different inequalities to achieve the thermal conditions of marginals.
p2(a2 − b2) ≥ (1− p)2(a2 − b2)
p2a2 + p(1− p) + (1− p)2b2 ≥ p2b2 + p(1− p) + (1− p)2a2
p2a2 + p(1− p)(a2 + b2) + (1− p)2b2 ≥ p2b2 + p(1− p)(a2 + b2) + (1− p)2a2
p2a2 + p(1− p)(a2 + b2) + (1− p)2b2 ≥ 1
2
.
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The last inequality shows the marginals of final entangled state will be thermal for the transformations, U : |ij〉 → |φij〉
or, |ij〉 → |φji〉, where i, j ∈ {0, 1}.
Again, for p ≥ 12 ,
p2 + (1− p)2 ≥ 2p(1− p)
(p2 + (1− p)2)(a2 − b2) ≥ 2p(1− p)(a2 − b2)
(p2 + (1− p)2)a2 + 2p(1− p)b2 ≥ (p2 + (1− p)2)b2 + 2p(1− p)a2
(p2 + (1− p)2)a2 + 2p(1− p)b2 ≥ 1
2
This inequality with the previous one guarantee that the marginals will be thermal for the transformations U : |ij〉 →
|φi¯j¯〉 or, |ij〉 → |φj¯i¯〉, for i, j ∈ {0, 1}. Obviously it is followed from above inequalities, that other transformations with
|00〉 6→ |φ00〉 can’t produce locally thermal marginals.
